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Abstract. For all open Riemann surface Af and real number 8 G (0, Tt/4), we construct a conformal 
minimal immersion X = (Xi, X 2 , X 3 ) : Af -> R 3 such that X 3 + tan(0) |Xi : Af -> R is positive and 
proper. Furthermore, X can be chosen with arbitrarily prescribed flux map. 

Moreover, we produce properly immersed hyperbolic minimal surfaces with non empty bound- 
ary in R 3 lying above a negative sublinear graph. 



1. Introduction 

The conformal structure of a complete minimal surface plays a fundamental role in its global 
properties. It is then important to determine the conformal type of a given minimal surface. An 
open Riemann surface is said to be hyperbolic if an only if it carries a negative non-constant sub- 
harmonic function. Otherwise, it is said to be parabolic. Compact Riemann surfaces with empty 
boundary are said to be elliptic. 

Complete minimal surfaces with finite total curvature or complete embedded minimal surfaces 
with finite topology in R 3 are properly immersed and have parabolic conformal type (for further 
information, see [Os, JM, CM, MPR, MP2]). On the other hand, there exists properly immersed 
hyperbolic minimal surfaces in R 3 with arbitrary non compact topology [Mo, AFM, FMM]. 

It is then interesting to elucidate how properness and completeness influence the conformal 
geometry of minimal surfaces. In [Lo2] it is shown that any open Riemann surface admits a con- 
formal complete minimal immersion in R 3 , even with arbitrarily prescribed flux map. In this 
paper we extend this result to the family of proper minimal immersions, proving considerably 
more (see Theorem 4.4): 

Theorem I. For all open Riemann surface Af, group morphism p : (Af, Z) — > R 3 and 
real number 8 £ (0, j), there exists a conformal minimal immersion X = (X%, X2, X3) : 
Af — > R 3 satisfying that: 

• X3 + tan(0) |Xi I : Af — > R is positive and proper, and 

• f dX = ip(j) for all 7 £ Hi (Af, Z), where d is the complex differential operator. 

This result is sharp in the sense that the angle 6 cannot be zero. Indeed, by the Strong Half 
Space Theorem [HM] properly immersed minimal surfaces in a half space are planes. Contrari- 
wise, Theorem I shows that any wedge of angle greater than n in R 3 contains minimal surfaces 
properly immersed in R 3 , even of hyperbolic type. In particular, neither open wedges nor closed 
wedges of angle greater than n are universal regions for surfaces (see [MP1] for a good setting). 
Other Picard conditions for properly immersed minimal surfaces in R 3 guaranteeing parabolicity 
can be found in [Lol]. 
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From Theorem I follow some remarkable results concerning not only minimal surfaces. We are 
going to mention three of them related to proper harmonic maps into C, proper holomorphic null 
curves in C 3 and maximal surfaces in the Lorentz-Minkowski space IR 3 . 

Schoen and Yau conjectured that there are no proper harmonic maps from D to C with flat met- 
rics, and connected this question with the existence of hyperbolic minimal surfaces in R 3 properly 
projecting into R 2 [SY, p. 18]. A counterexample to this conjecture follows from the results in [DF], 
which imply the existence of proper harmonic maps from any finite bordered Riemann surface 
(that is to say a compact Riemann surface minus a finite collection of pairwise disjoint closed 
discs) into R 2 . It remains open whether or not a hyperbolic minimal surface in K 3 can be properly 
projected into 1R 2 . Theorem I answers positively this question for minimal surfaces with arbitrary 
open conformal structure (just notice that the harmonic map (Xi, X3) : Af — > R 2 is proper). 

It is well known that any open Riemann surface properly holomorphically embeds in C 3 
and immerses in C 2 [Bi, Nar, Re]. Moreover, there are proper null immersions in C 3 of the 
unit disc [Mo], and of any open parabolic Riemann surface of finite topology [Pi, Lo2]. The- 
orem I also shows that any open Riemann surface admits a proper null immersion in C 3 , and 
a holomorphic immersion in C 2 properly projecting into 1R 2 . Indeed, choosing p = in The- 
orem I and labeling X* = (X^, X|,X|) as the conjugate minimal immersion of X, the map 
X + iX* = (Fi, F2, F3) : J\f — > C 3 is a proper holomorphic null immersion, and (F\, F3) : Af — > C 2 
is a holomorphic immersion which properly projects into 1R 2 . 

Finally, from Theorem I follows the existence of proper Lorentzian null holomorphic immer- 
sions in C 3 (see [UY]) and proper conformal maximal immersions in the Lorentz-Minkowski 
space, with singularities and arbitrary conformal structure. See [Al] for the hyperbolic simply 
connected case. 

The last part of the paper is devoted to properly immersed minimal surfaces in 1R 3 with non 
empty boundary. A Riemann surface M with non empty boundary is said to be parabolic if bounded 
harmonic functions on M are determined by their boundary values, or equivalently, if the har- 
monic measure of M respect to a point P € M — d(M) is full on d(M). Otherwise, the surface is 
said to be hyperbolic (see [AS, Pe] for a good setting). For instance, D — {1} is parabolic whereas 
D + := Dfl{z € C Im(z) > 0} is hyperbolic. Properly immersed minimal surfaces with non 
empty boundary lying in a half space of 1R 3 are parabolic [CKMR], and the same result holds for 
proper minimal graphs in R 3 [Ne]. It is also known that any properly immersed minimal surface 
m ]R 3 with non empty boundary lying over a negative sublinear graph in ]R 3 and whose Gaussian 
image is contained in a hyperbolic domain of the Riemann sphere is parabolic [LP]. We prove the 
following complementary result (see Theorem 5.1), which also shows that the condition about the 
size of the Gauss map in [LP] plays an important role: 

Theorem II. There exists a conformal minimal immersion X = (Xi,X 2 ,X 3 ) : D + — > 
]R 3 such that (Xj,X 3 ) : D + — > 1R 2 is proper and lim„^oo min{ | xf^p P j | +i ' 0} = 'for 
all divergent sequence {p n }neN * n 1D+. 

Theorem II contributes to the understanding of Meeks' conjecture about parabolicity of minimal 
surfaces with boundary. This conjecture asserts that any properly immersed minimal surface 
lying above a negative half catenoid is parabolic. 

The techniques developed in this paper may be applied to a wide range of problems on mini- 
mal surfaces theory. In the paper [AFL] complete minimal surfaces in ]R 3 with arbitrary conformal 
structure and whose Gauss map misses two points are constructed. Our tools come from deep 
results on approximation theory by meromorphic functions [Scl, Sc2, Ro]. The most useful one 
is the Approximation Lemma in Section 2, where accurate use of Runge's approximation theorem 
and classical theory of Riemann surfaces [AS, FK] is made. In this way, we can refine the classical 
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construction methods of complete minimal surfaces (see, among others, [JX, Nad, LMM, MUY] 
for a good setting). 

The paper is laid out as follows. In Section 2 we introduce the necessary background on Rie- 
mann surfaces and approximation theory, and the required notations. Furthermore, we prove the 
Approximation Lemma. Section 3 is devoted to some preliminaries on minimal surfaces in R 3 . 
Finally, Theorems I and II are proved in Sections 4 and 5, respectively. 

2. Riemann Surfaces and Approximation Results 

Given a topological surface W, 8( W) will denote the one dimensional topological manifold de- 
termined by the boundary points of W. Given ScW, call by S° and S the interior and the closure 
of S in W, respectively. 

A Riemann surface M is said to be open if it is non-compact and 3(M) — 0. As usual, C = 
C U {oo} will denote the Riemann sphere. We denote d as the global complex operator given by 
d\u = jjdz for any conformal chart (ii,z) on M. 

Remark 2.1. Throughout this paper Af will denote a fixed but arbitrary open Riemann surface. 

Let S denote a subset of Af, S / jV. We denote by Jtj(S), respectively F(S), as the space of 
continuous functions / : S —> C, respectively / : S — > C, which are holomorphic, respectively 
meromorphic, on an open neighborhood of S in Af, and / _1 (oo) c S°. Likewise, (S), respec- 
tively J r *(S), will denote the space of continuous functions / : S — > C, respectively / : S — > C, 
being holomorphic, respectively meromorphic, on S° and satisfying that / _1 (oo) c S°. 

As usual, a 1-form 8 on S is said to be of type (1,0) if for any conformal chart (U, z) in Af, 
9\uns — h(z)dz for some function h : U n S — > C. We denote by Qo(S), respectively fi(S), as the 
space of holomorphic, respectively meromorphic, 1-forms on an open neighborhood of S in Af, 
and without poles on S — S°. We call Q* (S) as the space of 1-forms 9 of type (1, 0) on S such that 
(9 1 u ) /dz e T* (S (~1 U) f or any conformal chart ( U, z) on Af. Likewise we define Qq (S ) . 

Let 2Ht>(S) denote the free commutative group of divisors of S with multiplicative notation. If 
D = U"=i Q? e 3)io(S), where n { e Z - {0} for all i, the set {Q X/ . . . , Q„} is said to be the sup- 
port of D, written supp(D). A divisor D 6 Dio(S) is said to be integral if D = fl/Li Q"' and n; > 
for all i. Given D 1; D 2 e Dio(S), D x > D 2 if and only if DjD^ 1 is integral. For any / e 7"(S) 
we denote by (/)q and (/)oo its associated integral divisors of zeroes and poles in S, respectively, 
and label (/) = ^y^- as the divisor associated to / on S. Likewise we define (9)q, (9)oa for any 

9 e n(S), and call (8) = $h as the divisor of 9 on S. 

In the sequel we will assume that S is a compact subset of Af and W C Af an open subset con- 
taining S. 

By definition, a connected component V of W — S is said to be bounded in W if V H W is compact, 
where V is the closure of V in A/". 

Definition 2.2. A compact subset S C Wis said to be admissible in W if and only if: 

• W — S has no bounded components in W, 

• Ms := S° consists of a finite collection of pairwise disjoint compact regions in W with C° 
boundary, 

• C$ ■= S — Ms consists of a finite collection of pairwise disjoint analytical Jordan arcs, and 

• any component a. of Cg with an endpoint P £ M$ admits an analytical extension /5 in W 
such that the unique component of /5 — a with endpoint P lies in Ms- 
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Observe that if S is admissible in Af then it is admissible in W as well, but the contrary is in 
general false. 

We shall say that a function / 6 fF*(S), respectively / £ Fq(S), can be uniformly approxi- 
mated on S by functions in fF(W), respectively in To(W), if there exists {f n }nefci C ^(W), re- 
spectively {/n}neN C ^(W), such that — /|} n eN ~~ ► uniformly on S. We also say that 
{/«ls}n£N — > / in the co-topology. In particular all /„ have the same set of poles on S°. A 
1-form 9 E 0*(S), respectively 9 E Qq(S), can be uniformly approximated on S by 1-forms in 
O(W), respectively in fi (W), if there exists {0 n }weN C Cl(W), respectively {0 n }„ e N C O (W), 
such that {^}„ £ n — > uniformly on S PI U, for any conformal closed disc (U,dz) on W. In 
particular all 9 n have the same set of poles Vq on S°. As above, we say that {8 n |s}«eN — > $ in the 
w-topology. 

Recall that a compact Jordan arc in Af is said to be analytical if it is contained in an open ana- 
lytical Jordan arc in Af. 

Given an admissible compact set S C W, a function / : S — > C", « G N, is said to be smooth 
if /| m s admits a smooth extension /q to an open domain V in W containing M5, and for any 
component a. of Cs and any open analytical Jordan arc 6 in W containing a, / admits an smooth 
extension to 6 satisfying that /^|vn^ — /olvnjS- A function / 6 -F*(S) is said to be smooth if 
/|s-v is smooth, where V is any open neighbourhood of f^ 1 (00) such that S — V is admissible in 
W - f- 1 (00). Analogously, a 1-form fleO* (S) is said to be smooth if (6\ Sn u) /^z eP(Sn LI) is 
smooth for any closed conformal disk (U,z) on W such that S n U is an admissible set. Given 
a smooth / 6 -7 r *(S), we set d/ G Q*(S) as the smooth 1-form given by df\M s = ^(/|m s ) 
and d/lanif = (/ a )'( x )^ z Unif/ where (LT,z = x + iy) is a conformal chart on W such that 
a fl U = z~ : (]R n z(U)). Obviously, df\ a (t) — (/ o a)'(t)dt for any component a of Cs, where t is 
any smooth parameter along a. 

A smooth 1-form G fl* (S) is said to be exact if 9 = df for some smooth / E J 7 * (S), or equiv- 
alently if / = f or all 7 e ft 1 (S, Z) . 

Several extensions of classical Runge's Theorem can be found in [Ro, Scl, Sc2]. For our pur- 
poses, we need only the following compilation result: 

Theorem 2.3. Let S C W be a not necessarily connected admissible compact subset in W. 

Then any function f E F*(S) can be uniformly approximated on S by functions in T(W) H To(W — 
Vf), where Vj = / _1 (oo). Furthermore, ifD E Dio(S) is an integral divisor satisfying that supp(D) C 
S°, then the approximation sequence {/n}neiN !n can be chosen satisfying that (/ — f n \s)o > D. 

2.1. The Approximation Lemmas. Throughout this section, W C Af will denote an open con- 
nected subset of finite topology, and S an admissible compact subset in W. 

Lemma 2.4. Consider f E J r *(S) swdx f/xat / nezw vanishes on S — S°. Then f can be uniformly ap- 
proximated on S by functions {/„} n eN in fF(W) satisfying that (/„) = (/) on W/or aZ/ «. In particular, 
f n is holomorphic and never vanishing onW — Sfor all n. 

Proof. Let « and b denote the genus of W and the number of topological ends of W — supp ((f)). 
It is well known (see [FK]) that there exist 2« + b — 1 cohomologically independent 1-forms 
in Q(W) (~l Oq(W — supp ((/))) generating the first holomorphic De Rham cohomology group 
ft^ ol (W — supp ((/)))• Furthermore, the 1-forms can be chosen having at most single poles at 
points of supp ((/)). Thus, the map H£ ol (W - supp ((/))) — > C 2 f +h ~ l , r i-> (j c T) ceBg , where 
Bq is any homology basis of W — supp((/)), is a linear isomorphism, and there exists T E Q(W) fl 
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Q (W — supp ((/))) with at most single poles at points of supp((/)) such that ^ f r 6 Z for 

aU7 e Hi(W-supp((/)),Z) and d/// - r e nj5(S) is exact - Set /o =fe~f T e P*(S). 

It is clear that log(/o) 6 (S), and so /o is holomorphic and never vanishing on S. By Theo- 
rem 2.3, there exists a sequence {« n }neN C J 7 ^ (W) converging to log(/o) in the o;-topology on S. 
The sequence f n = e hn+ f r , neN, solves the lemma. □ 

Lemma 2.5. Consider 6 e D*(S) such that 6 never vanishes on S — S°. 

Then 8 can be uniformly approximated on S by 1-forms {9 n }nen in fi(VV) satisfying that (6 n ) = (8) 
on W. In particular, 9 n is holomorphic and never vanishing onW — S for all n. 

Proof. Let t be a non zero 1-form in C1q(W) with finitely many zeroes, none of them lying in 
S — S°. Label / — 9/r e J 7 * (S). By Lemma 2.4, / can be approximated in the o;-topology on S by 
a sequence {/„} n eN i n ^"(W) satisfying that (/„) = (/) on W for all n. It suffices to take 8„ := f n r, 
neN. ' □ 

Lemma 2.6 (The Approximation Lemma). Let <t> — (</>y);=i,2,3 ^ e fl smooth triple in CIq(S) 3 such 
that J3y =1 ^y = 0, E? =1 |<fy-| 2 nraer vanishes on S, and <I>|m s G ^(Ms) 3 . Tften <I> can be uniformly 
approximated on S by a sequence {<&„ = (<f>j in )j=i,2^}neTN C n (W) 3 satisfying that: 

(i) Ysj=\ <pf n ~ ® an d XZy=i |#;,« | 2 «efer vanishes on W, 

(ii) <E>„ — 4> is exact on Sfor all n. 

Proof. Label g = t]i = \<p3 = <h ~ i( Pi and "2 = g<fc = ~<P\ ~ i<p2 £ (S). We start with 

the following claim: 

Claim 2.7. Without loss of generality, we can assume that g\w s is not constant. 

Proof. Suppose for a moment that g\ Ms is constant, and up to replacing O by O • A for a suitable 
orthogonal matrix A e 0(3, R), assume that g 7^ 00. For each h e .Fo(W), set 72^) = (g + ^) 2 '/l 
and 1^3 («) = r/i(g + h). Let £? be a homology basis of Hi(Ms,Z), label u as its cardinal number 
and consider the holomorphic map T : .Fo(W) — > C 2 ^, T(h) = {J c (i]2{h) — il2,<p3{h) — <t>3))ceB- 
Note that the analytical subset T -1 (0) is conical, that is to say, if T(h) = then T(Aft) — 
for all A 6 C. Furthermore, since ^(W) has infinite dimension we can choose a non constant 
n 6 T _1 (0). Take {A„}„ g n c C converging to zero, set h n :— X n h e T _1 (0) for all n, and notice 
that {h n }nef<s ^ in the o;-topology on S. 

SetY„ = (ipi, n ,ip2,n,ip3,n) ■= {\{m ~ frQhi)), {{m + 72(&n))/fc(M) ^ H* (S) fl n (M s ) 3 , and 
observe that £ 3 =1 i/> 2 w = 0, £ 3 =1 I | 2 never vanishes on S and g n = ^ ^'"^ - is holomorphic and 
non constant on Mg. It is clear that Y n — <1> is exact on M$, neN. Furthermore, we can slightly 
deform Y n |c s so that Y n — <J> is exact on S as well, neN (we leave the details to the reader). If 
the lemma holds for Y„ for all n, we can construct a sequence {f n ,m}meN C Hq (S) 3 converging 
to Y„ in the o;-topology on S and satisfying that Y„ /m — Y„ is exact on S for all n. A standard 
diagonal argument proves the claim. □ 

Claim 2.8. Without loss of generality, we can assume that g, l/g and dg never vanish on d(M$) U C$ 
(hence the same holds for n ir i = 1, 2, and <pj, j = 1, 2, 3). In particular, g e F* (S) and dg 6 Cl* (S). 

Proo/. Take a sequence Mi D M2 D ... of tubular neighborhoods of Mg in W such that M„ C 
M°_, for any n, n„ e fjM B = Ms, <E> (and so g) meromorphically extends (with the same name) to 
Mi, Y?i = \ \<Pj\ 2 7^ on Mi, and g, l/g, and dg never vanish on d(M n ) for all n (take into account 
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Claim 2.7). Choose M n in such a way that S n :— M n U Cg is an admissible subset of W and 7 — M° 
is a (non-empty) Jordan arc for any component 7 of Cg. In particular, Cg n = Cg — M°, n £ N. 

Let {h n ,ip3 iH ) £ .F*(S n ) x fig(S n ) be smooth data such that 

• (fcn,</>3,n)|M s „ = (g, </>3) |m Sk andEy=i \%n | 2 never vanishes on S„, where Y„ = (ipj,„)j=i,2,3 = 

ti(l/hn-hn),i(l/hn + hn)A)lhfl G Q2(S„) 3 ,n £N, 

• 7z„, l//z n and d/z n never vanish on 3(Ms„ ) U Cg n , 

• Y„ | s — <I> is exact on S, and 

• the sequence {Y„ | g }„ G ]n C Hq (S) 3 converges to <J> in the o;-topology on S. 

The construction of these data is standard, we omit the details. 

Label T C Cl (W) 3 as the subspace of data Y formally satisfying (i) and (if). If the Lemma 
held for any of the data in {Y„ | n £ N}, Y n would lie in the closure of T in Qq (S„) 3 with respect 
to the o;-topology on S„ for all n £ N, hence the same would occur for <J> and we are done. □ 

Let £> s be a homology basis of %i(S,Z) and label v its cardinal number. Endow Tq* (S) with 
the maximum norm, and consider the Frechet differentiable map: 

7> : 7 *(S) x 7 *(S) -> C 3 ", ^((fti,^)) = ( /((^ - 1)1/1, - 1)172, - l)^)) ceBs . 

The meromorphic data inside the integrals arise from multiplying g by e hl and ^3 by e hl . Label 
A : -F *(S) x 7"*(S) -> C 3t/ as the Frechet derivative of V at (0,0). 

Claim 2.9. A \ r (w)xT (w) is surjective. 

Proof. Reason by contradiction and assume that A)(7o(W) x 7b(W)) lies in a complex subspace 

U = {({x c ,y c ,z c )) ceBs eC 3v \ LceB s ( A c*c + B c y c + D c z c ) = 0}, where A c , B c and D c £ C for all 

c G and EceB s (I A:| + |Bc| + |D C |) ^ 0. This simply means that: 



(2.1) - / htji + f ht] 2 = I hrji + j hrj 2 + / ftfc = 

-/Tx ^3 

for all ft £ 7b (W), where T x = EceB s A cC, T 2 = LceB s B cC and T 3 = EceS s D c c - 

Label E = {/ 6 -F (W) | (/) > (<fe) 2 }. By Theorem 2.3, the function h = df/<p 3 £ 7 *(S) lies 
in the closure of J-'q(W) in the a>topology on J-Z (S) for any / £ Eo- Therefore, equation (2.1) can 
be applied formally to h = df/fo, getting that f Ti jdf — gdf — for all / £ So- Integrating 
by parts, 

(2 ' 2) /r/? = /r/* = ° 

for all / £ E . 

Let us show that Tj = 0. 

Let ^ and b denote the genus of W and the number of ends of W. It is well known (see [FK]) 
that there exist 2}i + b — 1 cohomologically independent 1-forms in Qo(VV) generating the first 
holomorphic De Rham cohomology group Hl ol (W) of W - Thus ' the ma P H hol( W ) — > C 2 f +6_1 , 
T ^ (/c T )ceB ' wnere is any homology basis of W, is a linear isomorphism. Assume that 
Ti 7^ and take [x] £ H^ ol (W) such that J" r t^0. Since W is an open surface, 7b (W) has infinite 
dimension and we can find F £ 7 (W) such that (t + dF) > (dg) (g)l,((p3) 2 . Set h := (T+ f F)g2 
and note that (/i) > (<^3) 2 . By Theorem 2.3, lies in the closure of IZq in 7" * (S) with respect to the 
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w-topology, hence equation (2.2) can be formally applied to ft, giving that f T t + dF = f T r = 0, 
a contradiction. 

By a similar argument T2 = and equation (2.1) becomes: 
(2.3) / ^3 = 

for all ft G Jb(W). 

Since E c e£ s (l-^cl + |B C | + |D C |) ^ 0, then T 3 ^ 0. Reason as above and choose [t] G FT^W) 
and F G 7b (W) such that J^t^O and (t + dF) > (tf> 3 ). Set ft := ^£ and note that ft G 7 *(S). 
By Theorem 2.3, ft lies in the closure of Tq ( W) in Tq* (S) with respect to the o;-topology, and equa- 
tion (2.3) gives that J r t + dF = / r3 T = 0, a contradiction. This proves the claim. □ 

Let {e\, . . .,e 3v } be a basis of C 3v , fix FF, = {h,i,h 2 ,i) £ ^b" 1 (e;) n (Fo(W) x 7" (W)) for all i, 
and set Qo : C 3l/ — > C 3l/ as the analytical map given by 

Qo((Zi)i=l 3v)=?( E Z > H 0- 

!=!,.. .,3v 

By Claim 2.9 d( <2o)o is an isomorphism, so there exists a closed Euclidean ball U C C 3l/ centered 
at the origin such that Qo : U — > Qo ( ^ ) is an analytical diffeomorphism. Furthermore, notice 
that = Q (0) G Qo(li) is an interior point of Qo{U). 

On the other hand, by Lemmas 2.4 and 2.5 there exists a sequence {(/ n , V«)}neN c .F(W) x 
n (W) such that (/„) = (g) and (ip n ) = (cp 3 ) for all n, and {(/„, tp„)}„ eN -> (g,<p 3 ) in the o;- 
topology on7"*(S) x ng(S). 

Label P„:F *(S) xF *(S)-> C 3l/ as the Frechet differentiable map 

Vn{{hxM)) = (J c (e h2 - h Vi,n-m,e h2+h V2,n-V2,e h2 ipn-cP3)) ceBs , 

where r\x,n = \^>n{^/ fn ~ fn) and rj2,n = \tyn(\l fn + fn), and call Q„ : C 3l/ — > C 3l/ as the ana- 
lytical map Qn((zi)i=i,...,3i/) = 'Pn(Li=x,...,3v z i H d for all n G N. Since {Q„}«eN -> Qo uniformly 
on compacts subsets of C 3l/ , without loss of generality we can suppose that Q„ : U — > Q„ ( U) is 
an analytical diffeomorphism and G Qn(li) for all n. Label y n = {\)x,m ■ ■ ■>}l'3v,n) as the unique 
point in U such that Q„(y n ) = and note that {y n }ne]N 0- Setting 

gn = ^ V ^f„, h,n = ^ V ^1pn 
for all n G N, the sequence {(gn/03,n)}neN solves the lemma. □ 

Corollary 2.10. In the previous lemma we can choose <p 3 n — <p 3 for all n G N, provided that <p 3 extends 
holomorphically to W and <p 3 never vanishes on C$- 

Proof. Without loss of generality, we can suppose that g, 1/g and dg never vanish on 3(Ms) U C$- 
Indeed, like in the proof of Claim 2.8 consider a sequence {M„}n6N or tubular neighborhoods 
of M$ in W such that n~ =1 M n = Ms, S„ := M„ U C$ is admissible in W, g, 1/g and dg never 
vanishes on 3(M„) and 7 — M° is a (non-empty) Jordan arc for any component 7 of C$, for all 
n G N. Let ft„ G -F*(S n ) be a smooth datum such that: 

• h n\M Sn = g\M Sn andE|=i I I 2 never vanishes on S M/ where Y„ = (ipj,„)j=x,2j = (j{l/h„- 

hn),i(i/hn + hn),i)<h e n*(S n ) 3 ,n GN, 

• h n , l/h n and dh n never vanish on 8(Ms„) U Cs n , 

• Y„ | s — is exact on S, and 

• the sequence {Y„ | s }«gN C Oq (S) 3 converges to <1> in the o;-topology on S. 
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Reasoning as in the proof of Claim 2.8, if the Lemma held for any of the data in {T„ n £ N} the 
same would occur for <5 and we are done. 

Reasoning like in the proof of Lemma 2.6, we can prove that Aq : Fo(W) — > C v is sur- 
jective, where A is the Frechet derivative of V : J" *(S) -> C 2v , P(h) := V(h,0). Then take 
Hi £ A^iei) n Jb(W) for all i, where {e 1; . ..,e 2v } is a basis of C 2v , and define £ : C 2v -> C 2v 
by 6 ((zf)i=i 2v) = £(Ei=i 2vZiH«)- 

Use Riemann-Roch Theorem to find a holomorphic function H £ .^(W) sucn that (H) = 
(^Iw-s)/ and then Lemma 2.4 to get {/n} n eN C .F(W) such that (/„) = (g|s) for all n and 
{fnjneN -> g/H in the w-topology on 7"*(S). 

Set P n : ^*(S) -> C 2l, byP„(/z) = ( J" c (e-\i,„ - m^Vm - ^ 2 )) c€Bs , where ^ = ^3(7^7 " 
/„H) and ?/ 2/ „ = jhiyjj +fn H )> and call Q„ : C 2v -> C 2v as the analytical map Qn{{Zi)i=i l ... l 2v) ~ 
fin (E;=i,...,2v z A) ror all « 6 N. To finish, reason as in the proof of Lemma 2.6. □ 

3. Weierstrass Representation and Flux Map of Minimal Surfaces 

Let W be an open Riemann surface and let X — (X 1 ,X 2 , X 3 ) : W — > R 3 be a conformal min- 
imal immersion. Denote by tpj = dXj, j — 1,2,3, and O = 9X = {4>j)j=i,2^- The 1-forms ^ are 
holomorphic, have no real periods and satisfy that Eit=i — 0- Furthermore, the intrinsic metric 
in W is given by ds 2 = Ejt=i | 2 > hence k — 1,2, 3, have no common zeroes. 

Conversely, a vectorial holomorphic 1-form <1> — {$1, $2, $3) on W without real periods and 
satisfying that Efc=i ( Pk~^ and Efc=i l$Jfc(P) | 2 7^ for all P 6 W, determines a conformal minimal 
immersion X : W — > IR 3 by the expression: 

X = Re J O. 

By definition, the triple O is said to be the Weierstrass representation of X. The meromorphic 
function g = j^rj^ corresponds to the Gauss map of X up to the stereographic projection (see 
[Os]). 

We need the following definition: 

Definition 3.1. Given a proper region M C N with possibly non empty boundary, we denote 
by M(M) the space of maps X : M — > IR 3 extending as a conformal minimal immersion to an 
open neighborhood of M in TV. This space will be equipped with the C° topology of the uniform 
convergence on compact subsets of M. 

Given X 6 A4(M) and an arclength parameterized curve 7(s) in M, the conormal vector of 
X at 7(s) is the unique unitary tangent vector }i(s) of X at 7(s) such that {dX(j'(s)),}i(s)} is a 
positive basis. If in addition 7 is closed, the flux px(?) of X along 7 is given by f ji(s)ds, and it 

is easy to check that px(?) = I m j 7 dX. The flux map p x : H\ (M, Z) — > R 3 is a group morphism. 

Let S C J\f be a compact admissible subset. We denote by J{S) the space of smooth maps X : 
S — > IR 3 such that X\ Mg £ .M(Ms) and X| Cj is regular, that is to say, X\ a is a regular curve for all 
a C C s . It is clear that Y\ s £ J(S) for all Y £ M{M). 

Consider X £ J{S) and let CD : C$ — » IR 3 be an smooth normal field along Cs respect to X. This 
simply means that for any analytical arc a C Cs and any smooth parameter t on X| a , <2>(«(f)) is 
smooth, unitary and orthogonal to (X| a )'(f),c£> extends smoothly to any open analytical arc /5 in 
W containing a and CD is tangent to X on f> n S. The normal field CD is said to be orientable respect to 
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X if for any component (tcCj having endpoints P\, P 2 lying in d(Ms), and for any arclength pa- 
rameter s along X\ a , the basis B, — {(X| a )'(s;),cE>(s,-)} of the tangent plane of X\m s at P,, i = 1,2, 
are both positive or negative, where s, is the value of s for which a(s,) = P„ z = 1, 2. 

Definition 3.2. We call .M*(S) as the space of marked immersions X a := (X, cc), where X 6 J(S) 
and CD is an orientable smooth normal field along C$ respect to X, endowed with the C° topology 
of the uniform convergence of maps and normal fields. 

Given X a e M*(S), let dX a = ($y);=i,2,3 be the complex vectorial "1-form" on S given by 
dX a \M s = 9(X|m s )/ dX a (a.'(s)) = dX(a'(s)) + z'co(s), where a is a component of Cg and s is the 
arclength parameter of X\ K for which {(2X(a'(s,)),cD(s,)} are positive, where as above Si and S2 
are the values of s for which «(s) 6 d(M$)- If (U,z = x + iy) is a conformal chart on N such 
that a n IT = z _1 (R n z(Lf)), it is clear that {dXco)\ K nu = [dX(a'(s)) + icD(s)]s'(x)dz\ anu , hence 
8X ffl e n^(S) 3 . Furthermore, £ = $3/ ($1 -z<£ 2 ) e J 7 * (S) provided that g^ 1 (00) c S°. 

It is clear that <fy is smooth on S, ; = 1,2,3, and the same occurs for g on S — g _1 (oo). No- 
tice that £ 3 =1 <pj = 0, £ 3 =1 |^;'| 2 never vanishes on S and Real(^) is an "exact" real 1-form on 
S, j = 1,2,3, hence we also have X(P) = X(Q) + Real Jq (<fy)y =1/23 , P, Q e S. For these rea- 
sons, (§,$3) will be called as the generalized "Weierstrass data" of X^. As X | ^ £ ,M(Ms),then 
(<p/)y=l,2,3 := I M s )/'=i,2,3> an d & : ~ £|m s ar e the Weierstrass data and the meromorphic Gauss 
map of X\m s , respectively. 

The group homomorphism 

p Xa : Hi(S,Z) -> R 3 , p Xt0 (?) = Im / dX a , 

■h 

is said to be the generalized flux map of X a . Obviously, px ay = Py\hi(S) provided that X — Y\ s 
and CD Y is the conormal field of Y along any curve in C$- 

4. Properness and Conformal Structure of Minimal Surfaces 

^From now on, we label x k : R 3 — > R as the k-th coordinate function, k = 1,2,3. Given a 
compact M C N and a map X : M -> R 3 , we denote ||X|| := max M { ( Ej=i (*;' X) 2 ) 1/2 } as the 
maximum norm. For each q, a s R, we call 

n fl ( ? ) = {(x 1 ,x 2 ,x 3 ) e R 3 I x 3 + tante)*i < «}, EG fa) = R 3 -n fl ( e ). 

The following lemma concentrates most of the technical computations required in the proof of 
the main theorem of this section. 

Lemma 4.1. Let M, V c Af be two compact regions with analytical boundary such that M C V° and 
J\f — M has no bounded components in M. 

Consider X 6 M (M) and let p : Hi (V, Z) — > M be any morphism extension ofpx- Suppose there are 
9 6 (0,tz/4) andS e (0, +00) such that X(d(M)) C Tl*(9) UTl*(-9). 

Then, for any e > tfere exists Y £ .M(V) smc/j t/iaf py = p, ||Y — X|| < e on M, Y(d(V)) C 

u* +1 (e)uu* +1 (-e)andY(v-M)cu*(e)uu*(-e). 

Proof. We start with the following claim. 

Claim 4.2. The lemma holds when the Euler characteristic x(V — M°) vanishes. 
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Proof. Since M C V° and V° — M has no bounded components in V°, then V - M° = Uy =1 Ay, 
where Ai, . . . , Afc are pairwise disjoint compact annuli. Write d(Aj) = ttj U j8y, where ay C 3(M) 
and jS ; - C for all/. 

Since X(3(M)) C n|(0) U TL*(— 0), each ay can be divided into finitely many Jordan arcs a 1 -, 
i = l,...tij> 2, laid end to end and satisfying that either X(aj) C IT* (6) or X(aj) C IT* (-0) for 
all z. Up to refining the partitions, we can assume that nj = m G N for all ;'. 

An arc a 1 - is said to be positive if X(aj) C n^(0), and negative otherwise. Notice that X(ap C 
Tl* 5 {—9) for any negative (and possibly for some positive) a-. We also label Q - and Qj +1 as the 
endpoints of a-, in such a way that Qj +1 = n f = 1, . . . , m, (obviously Q™ +1 = Q|). 

Let {rj | i = 1, . . . , m} be a collection of pairwise disjoint analytical Jordan arcs in Ay such that 
rj has initial point Qj G ay, final point P? € pp r 1 - is otherwise disjoint from 3 (Ay), and rj meets 
transversally a 1 - at Qy, for all i and y. 

Let W be a tubular neighborhood of V in J\f, that is to say, an open connected subset of N such 
that V C W,W — V consists of a finite collection of open annuli, and the closure of any annuli in 
W- 1/ intersects 3(V). 

Set Mo = MU( Ujj rj), and notice that Mo is an admissible subset in W, and so in W. Call O- 
as the closed disc in Ay bounded by aj U rj U and a piece, named j6j, of j6y connecting Pj and 
P.' +1 . Obviously nj n Qj +1 = rj +1 , i < m, ClJ n Qy 1 = r], and Ay = U^nj. The domain nj is said 
to be positive (respectively, negative) if a ■ is positive (respectively, negative). 




FIGURE 1. The annulus A;. 



Take X ffl e M*(M ) such that X| M = X, and 
(4.1) dist (X(P/) , n^(0) U ELj(-0)) > 1, 

for all f and j. In addition, we choose X® in such a way that: 

(1+) If Oj is positive then X(rj U rj +1 ) C n* (0). 
(1_) If nj is negative then X(rj U rj +1 ) C n* (-6). 
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The existence of such a X a is standard, we omit the details. 

We label (p k = d(x k o X), k = 1,2,3, and recall that ELi <Pk = and dfc=l \<Pk\ 2 

never vanishes 

on Mo- Applying Lemma 2.6 to <fr := {(pk)k=l,2,3 on Mo and integrating the resulting Weierstrass 
data on V, we can find Yq € M ( V) such that 

(4-2) p Yo = p ta = Px = P 

and 

(4.3) ||Y -X||<e/3 onM . 
Furthermore, without loss of generality we can assume that 

(4.4) dist(Y (P?), 11,(0) un s (-e)) > 1, 
for all j, i, and 

(2+) if flj is positive then Y (rj U oj U rj +1 ) C IT* (0). 
(2_) if flj is negative then Y (rj U aj U rj +1 ) C IT* (-0). 

This choice is possible thanks to the properties (4.1), (1 + ) and (1-). 

Let L + : R 3 — > R 3 (respectively, L~ : R 3 — > R 3 ) denote the rotation of angle 9 (respectively, 
—8) around the straight line parallel to the X2~axis and containing the point (0,0,5). Note that 
L+(II,(0)) = U s (0) f L+(U s (-B)) =U s (-23) r L-(Il s (B)) = 1^(20) and L-(n,(-0)) = Efc(O). 

Call Y+ = L+ o Y and Y" = LoY e M(V). Set X+ = {(/,;') | flj is positive} and 

X_ = {(/,/) | flj is negative}. 

In a first step, we are going to deform the immersion Y+. Roughly speaking, this deformation 
will be strong on U(,- / ^ e2:+ nj and hardly modify Y + on V — U^g-^flj. 

Label Y = (ipk)k=i,2,3 as me Weierstrass data of Y + on V. For any (i,j) E 1+ let Kj and 7j be a 
closed disc with analytical boundary and a compact analytical Jordan arc in flj satisfying that: 

(al) Kj n 3(flj) 7^ and consists of an arc in /$} - {Pj, Pj' +1 }, Y+ (nj - Kj) C n* (0), and 

dist (Y+(p) -K)), U S {0) U Tl & {-26)) > 1. 

This choice is possible from (2+) and (4.4) provided that Kj is chosen large enough in flj. 
(a2) The endpoints Sj and Tj of 7j lie in aj — {Qj, Qj +1 } and 3(Kj) — /5j, respectively, and 7j- is 
otherwise disjoint from Kj U 3(flj)- Moreover, 7j- and aj (resp., 3(Kj)) meet transversally at 
Sj (resp., Tj) and fa never vanishes on 7j. See Figure 1. 

Set S+ = ( V — U(y) e2 ; + nj) U ( U(y) € j + (Kj U 7j)), and notice that S+ is admissible in A/", and 
so in W. Consider A+ > such that 

(4.5) dist((-A+,O,O) + Y+(U ( , /)eI+ Kj),n,(-20)) > 1. 

This choice is possible because 6 6 (0, 7r/4). 
Claim 4.3. T/iere exist smooth data Y = (rpk)k= 1,2,3 G ^0 (^+) 3 SMC ^ ^ fl ^ : 

(i) = Vfc 0M S+ - U (i/ y )eI+ 7j/or fc = 1,2, ami $3 = (^3) |s+- 

(ii) E? = i(^fc) 2 = 0/ E? = i l^itl 2 neuer vanishes on S+. 
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(m) Re( J J fa) = Re( J ■ fa) — A+, where the integrals are computed along 7'., (i,j) G X + . 

Proof. For each (/,;') G 1+ consider an open conformal disc (U,z) on Af (obviously depending 
on (/,/)) so that 7j C ii and z(yp — [0,1] C 1R. Write 1^3(2) = fo(z)dz on ii and call g+ as the 
meromorphic Gauss map of Y + . 

Let {pt : 1R — > C} fS R be a smooth family of never vanishing smooth functions satisfying that: 

• p t (x) = 1 if x e] - 00, 1/3] U [2/3, +oo[. 

• If |*| > 1 then p t (x) = s[x ) h{x) for all x G [3 + 4^,3-4^2]- 

• Ao < li°f( x )l < A\\t\ + A2 for all t, x G M, where Ao, Aj and A2 are suitable positive 
constants not depending on f. 

Set gt = g ■ {pt° z) on 7j for each (/,;') G I+, and put gf = g + on S+ - ^(j^ei+l'j- Consider the 
generalized Weierstrass data Yf = {fa,t)k=l,2,3 e ^o(^+) 3 induced by the couple (gt,fa), and 
notice that Y t satisfies (z) and (ii). 

Since lim^ +00 Re( J / fat) = — limf_>._oo Re( J ■ fa A = + 00 , an intermediate value argu- 
ment gives that Re( J s / $ 1/to ) = Re( J J fa) - A+ for some f G K- It suffices to set Y = Y fo . □ 

Fix P G M. 

By Corollary 2.10, there exists {($i,n/$2,n)}neN C Oo(^) 2 converging to {fa, fa) uniformly on 
S + and such that: 

n I never vanishes on V, where i/>3 /W — fa, Vm G IN. 

• The minimal immersion Z + G M(V) with initial condition Z+(P ) = Y + (Po) and Weier- 
strass data Y n = (fa,n)k=l,2,3 is weu defined and satisfies 

(4.6) p z + = p Y +, V« g N. 

Notice that {Z + } ne]N uniformly converges to Y + on V - U^g^flj, {xi o Z + } ne]N uniformly 
converges to X\ o Y+ — A+ on U(y) e j +J fy and x 3 o Z + = x 3 o Y+, Vn 6 N (see Claim 4.3). These 
facts let us find uq G N such that the following properties hold: 

• ||Z+ - Y+|| < e/3onM. 

• Z+ ( U (y)eI+ nj - Kj) C n*(0) and Z+ ( U (! , )ex+ (/jj - Kp) C n* +1 (0). See (al). 

• dist (Z+(U (i/y)eI+ Xp , EL;(-20)) > 1. Take into account (4.5). 

. dist (Z+ (Pp , n s {-26) U n,(0)) > 1, for any (/,/) G 1- Use (4.4). 

• Z+ (rj U aj U rj +1 ) C U* g (-26) for any (i,j) el— It follows from (2_). 

DenotebyF~ := L _ oL" oZ+ G M(V). The above properties can be rewritten in terms of F~ 
as follows: 

(Al) ||JF— — V — 1| < e/3 o n M. 

(A2) F-(U (i#; - )e2+ nj - Kj) C n*(20) and dist (F-(U (y)eIf (0) - Kp) , 1^(20)) > 1. 

(A3) F-(u ( , ;)eI+ xp cn* +1 (o). 

(A4) dist (F" (Pp , TLj(O) U 1^(20)) > 1, for any (/,/) G X_. 
(A5) F~(rj U «j U C IT*(0), for any (/,/) G X_. 
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Label Y — (<Pfc)fc=i,2,3 as me Weierstrass data of F~ on V. Now, we are going to deform the 
immersion F~ in an analogous way. For any (/,;') 6 X_ let K l - and t| be a closed disc and an 

analytical Jordan arc in nj satisfying that: 

(bl) Kj n 3(np ^ and consists of a connected arc in jgj, F~ (nj - Kj) C 11} (0), and 

dist(F-(^.-K;) ; n^(o)un (5 (20)) > 1. 

This choice is possible from (A5) and (A4). 
(b2) The endpoints Sj and T? of 7j lie in aj and d(Kp — jSj, respectively, and 7j is otherwise dis- 
joint from Kj U 9(flj). Moreover, jj and aj (resp., 3(Kp) meet transversally at Sj (resp., Tj) 
and <j?3 never vanishes on yj. 

Set S_ = (V - U (i/ y )e i_nj) U ( U(y )e i_ (Kj U 7p). Consider A~ > such that 

(4.7) dist((A-,0,0) + F-(U (!//)eX JC;), n s (26)) > 1. 

Reasoning as in Claim 4.3, there exist smooth data Y = (<Pfc)fc=i,2,3 e ^o(S-) 3 satisfying that: 

• <Pk = <Pk onS- - (U ( y )Gl 7p, fc = 1,2, and <p 3 = (<p 3 )|s - 

• Ejt=i(<Pi:) 2 = 0/ an d Lfc=i \<Pk\ 2 never vanishes on S_. 

• Re(4 / / q>\) = Re(4 J / <pi) + A - , where as above we integrate along 7-, £ I_. 

Again by Corollary 2.10, there exist {(<pi, n , ^2,tt)}«eN C O (V) 2 converging to (^1,^2) uni- 
formly on S- and satisfying that: 

• Efc = i(<P)on) 2 — 0/ an d Efc = i l^Knl 2 never vanishes on V, where ^3 /W = ^3, Vn £ N. 

• The immersion G~ € M(V) with initial condition G~ (F ) = F~ (F ) and Weierstrass data 
*n = ( < Pk,n)k=l,2,3 is we H defined and satisfies 

(4.8) p G - = p F -, Vn G N. 

Arguing as above, we can find n\ 6 N such that the following properties hold: 
(Bl) || G~ -F~\\< e/3onM. 

(B2) G" ( U (y)€l _ nj - Kj) C nj (0) and G~ ( U (y)€j _ (0j - Kp) C I1J +1 (0). Use that x 3 ° G" = 

X3 o F~ on V and (bl). 
(B3) dist (G" (U ( y )eI Kj) , 11,5(20)) > 1. Take into account (4.7). 

(B4) G- ( U (y)62+ nj - Kj) C nj(20). See (A2). 

(B5) dist (G- (U (i , y)eIf (0j - Kj)) , 11,(20)) > 1. It is implied by (A2). 

(B6) G- ( U ( , /)eI+ Kj) C n* +1 (0). It follows from (A3). 

Summarizing, Y := L + o G ni £ M(V) satisfies the following properties: 

• ||Y-X|| < || G— — JF" — 1| + ||F" - Y-|| + || Y -X|| < e on M. Use (Al), (Bl) and (4.3). 

• Y( J ( ,. /)cX nj Kp C n* s (-8) and Y( U (t - y)eI+ nj - Xj) C n*(0). See (B2) and (B4). 

• dist (Y(U ( , ;)eI _(/3j - Kj)) , n,(-0)) > 1 and dist (Y(U ( , /)eI+ (/3j - Kp) , 11,(0)) > 1. See 
(B2) and (B5). 

• dist(Y(U (! - /)eI Kp, 11,(0)) > 1 and dist (Y(U {hf)el+ Kp , Il,(-0)) > 1. Use (B3) and 
(B6). 
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• Py = P- Take into account equations (4.2), (4.6) and (4.8). 
This concludes the Claim. □ 



To finish, we reason by induction on s = — %(V — M°) € N U {0}. Claim 4.2 shows that the 
result holds for s = 0. Assume that the Lemma holds for s = m and let us prove it for s — m + 1. 

Since s > 0, there exists an analytic Jordan curve 7 6 %i(V,Z) — Hi(M,Z) intersecting 
V — M° in a Jordan arc 7 with endpoints P\, P2 6 3(M) and otherwise disjoint from 3(M). Con- 
siderF ffl e M*(MU 7) suchthatF| M = X,F(7) C Tl*(6) l> Tl* (-6), and p^y) = p{j). Here, we 
have taken into account that F(P;) e nj(0) U nj(-0), for i = 1,2. Notice that p Fa = p\ Hl ( M uy,zy 
Labels = d(x k oF) e Cl^(MUj),k = 1,2,3. 

Let W be a tubular neighborhood of V in Af. Applying Lemma 2.6 to <1> = (^)fc=l,2,3/ S = M U 7 
and W, and integrating the resulting Weierstrass data, we can find a compact region M' with non 
empty analytical boundary and a minimal immersion Z £ _M(M') such that M U 7 C (M')° C 
M' C V°, -;c(V - (M')°) = m,Af - M' has no bounded components in Af, \\Z - X\\ < e/2 on 
M, Z(3(M')) C n^(0) U Tlg(-9) and pz = p\ui(M',z,)- Then, applying the induction hypothesis 
to M', V, Z, 5, and e/2, we obtain an immersion Y 6 .M(V) which satisfies the conclusion of the 
Lemma. □ 

Theorem 4.4. Let p : %\(N — > R 3 and 8 be a group morphism and a real number in (0, 7r/4), 
respectively. Let M C N be a compact region of N such that Af — M has no bounded components, and 
consider a non flat Y 6 M(M) satisfying that p Y = p\y.!{M,z) an ^ ( x 3 + tan ($)l x i|) Y > 1. 

Then for any e > there exists a conformal minimal immersion X : Af — > R 3 satisfying the following 
properties: 

• Px = V, 

• (x 3 + tan(0) |xj |) o X : Af — > M is a positive proper function, and 

• ||X — Til < er on M. 



Proof. Without loss of generality, we will assume that e < 1. 

Let {M„ I n G N} be an exhaustion of Af by compact regions with analytical boundary satisfy- 
ing that Mi — M, M„ C M° +1 and Af - M„ has no bounded components in Af for all neN. 

Label Y\ = Y, and by Lemma 4.1 and an inductive process, construct a sequence {Y n }neN °f 
minimal immersions satisfying that 

(a) Y„ e M(M„) for all n e N, 

(b) || Y„ - Y„_ x || < e/2" on M„_ x for all n > 2, 

(c) p Y „ = p| Wl ( M „,z) f or all n e N, and 

(d) Y„(3(M„)) C n*(0) un*(-0) and Y„(M„ -M„_ x ) C n^ffljun^f-O) for all n > 2. 

By items (a) and (b) and Harnack's theorem, { Y„ }„ e]N uniformly converges on compact subsets of 
Af to a conformal minimal (possibly branched) immersion X : Af — > 1R 3 . Furthermore, 1 1 X — Y„ 1 1 < 
e/2" on M„ for all n. In particular from (d) we have that (X3 + tan(0) |xj | ) o X > n — 1 — e/2" -1 
on M„ — M„_i, for all n > 2. On Mi we also have that (X3 + tan(0) \x\ |) o X > 1 — e > 0, and so 
(X3 + tan(0) |xi |) o X is a positive proper function on Af. 

Since the Weierstrass data of Y n converge in the o;-topology to the ones of X, Hurwitz's theorem 
gives that either X (Af) is a point or X has no branch points. However, the condition 1 1 X — Yi 1 1 < e 
implies that X(Af) can not be a point provided that e is small enough. 

Finally, item (c) gives that px = p and we are done. □ 
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5. Proper Minimal Surfaces in Regions with Sublinear Boundary 

The main goal of this section is to prove the existence of proper hyperbolic minimal surfaces 
with non empty boundary in R 3 contained in the region above a negative sublinear graph. 

Throughout this section J\f will be the complex plane C. 

Theorem 5.1. Let C denote the set [—1,1] x (0,1] C R 2 = C endowed with the conformal structure 
induced byC. 1 

Then there exists X € M (C) satisfying that: 

• [x\, x 3 ) o X : C — > R 2 is proper. 

• 130X > o« (i! o X) _1 ((— oo,0]), and lim„^co/(p n ) = for any divergent sequence 
{Pn}«eN iw C, where f : C — > (— 00, 0] is the function f — min{ i^oxj+i ^J' 

Proof. Let D n denote the rectangle [-2,2] x [^,2] C R 2 = C, n G N. Label also D = [-2,2] x 
[0,2]. 

Lemma 5.2. For any e G (0, 1) there exists a sequence of non flat X k G M. (D), fc G N, suc/z ffoaf 
(i) [[(Xfc-X^OH <e/2 k -^onD k - X forMk>2. 

(h) Xtd-^i^ijHcn^). 

(hi) x k {D k -D k _ x ) cn*_ 1 ( ?F i T )un*(i)/ rd/fc>2. 

(iv) I/p G D fc and (x x o X k ){p) < 0, then (x 3 o X k ){p) > 1 - > 0. 

Proof. We are going to construct the sequence inductively. Take any non flat X! G .M(D) sat- 
isfying that Xi(Di) C TIj(l). Notice that Y\ fulfills (ii) and (iv). Assume there exists a non flat 
immersion X n _\ satisfying (i), (ii), (iii) and (iv), and let us construct X n . 

Label L : R 3 — > R 3 as the rotation of angle around the straight line parallel to the X2-axis 
and containing the point (0,0, n - 1). Notice that L(n„_i(^ T )) = n„_i(0) and L(n„(±)) = 
Yl^( — -^—pj), where £ = n — 1 + cos(l/n)sec(l/(n 2 — n)). 

Call Y = L o X„_x eM(D). From (ii), we have 

(5.1) r([-2,2]x{l/n})crC_,(0). 

By continuity and equation (5.1), there exists p G (^j, \), close enough to 1/n so that 

(5.2) Y(0) C n;_!(0), where© := [-2,2] x [p,l/n]. 

Denote A := [-2,2] x [0,p\. Notice that D„ - D„_ x C A U 0, and = D„_i n A = D°_ 1 n 
0° = 0° n A° (see figure 2). 

Fix A > such that 

(5.3) (-A,0,0) + Y(A) c H|( - ^-^)- 

Denote O = (<pfc)fe=l,2,3 as me Weierstrass data of Y on D. Consider 7 an analytic Jordan arc 
on with endpoints P G 3(D„_j) and Q G 9(A) and otherwise disjoint from 9(0), and meeting 
transversally D„_i and A. Moreover, we choose 7 so that $3 never vanishes on 7. Label A as the 
admissible subset D„_j U 7 U A in C and consider <fr = {(pk)k=i,2,3 £ ^o(^) 3 satisfying 



By Caratheodory's Theorem, C is biholomorphic to the half disc D+. 
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n+1 



D n -i 
(-) 



A 



D„ 



FIGURE 2. The sets in D 



• <pk = <pk on D„_i U A, Vfc = 1, 2, and <p3 = 03 on D. 

• Dfc=i $t = an d L)| = i |0)c| 2 never vanishes. 

• Re( Jp 0i) = Re( Jp ^i) — A, where the integrals are computed along 7. 

The existence of <J> follows by similar arguments to those used in Claim 4.3. 

Let W C C be an open topological disc containing D, and without loos of generality, suppose 
that 03 extends holomorphically to W. We can apply Corollary 2.10 to the data W, S = A and 
4> £ Oq(A) 3 , to obtain a sequence {<fr m = (^k,m)k=l,2^}mefi c n (D) 3 converging to <I> uni- 
formly on A and such that 3 , m = 3 = fa, ^| =1 2 „, = and £ 3 =1 \$ ki m I never vanishes, for all 
m £ N. Fix Po G D„_i, and consider the minimal immersion Y m £ .M(D) with initial condition 
Vm(Po) = ^(^0) an d Weierstrass data <!>,„. Notice that {Y m }mGN uniformly converges to Y on 
D n _i, {xi o Y m } me ]N uniformly converges to X\ o Y — A on A, and X3 o Y m = x 3 o Y, Vm £ N. As a 
consequence we can find trig £ N such that: 

• l|Vmo <e/2"- 1 onD n _ 1 . 

• Y mo (0) c 11*^(0) (take into account (5.2)). 

• Y mo (A)cn*(-^L_).Use(5.3). 

Define X n := L _1 o Y mo £ .M(D). From the above properties we get 

(a) ||X„ -X B _i|| < e/2"- 1 on D n _i. 

(b) x„(0) c n*^^). 

(c) X,(A)cIT„(i). 

Property (a) directly gives (i). Since [—2,2] x {-^py} C A, (c) implies (ii). Taking into account 
that D n — D„_i C U A, (iii) follows from (b) and (c). Finally, property (iv) is an elementary 
consequence of (a), (b) and (c). □ 

From (i) and Harnack's theorem, the sequence {X n } ng ]N uniformly converges on compact sets 
of (—2,2) x (0,2) to a conformal minimal (possibly branched) immersion X : (—2,2) X (0,2) — > 
R 3 . Since the Weierstrass data of X„ uniformly converge on compact sets of (—2,2) x (0,2) to the 
ones of X, Hurwitz's theorem assures that either X has no branch points or X((— 2,2) x (0,2)) 
degenerates in a point. However, ||X — Xi || < e on D], and so X does not degenerate provided 
that e is small snough. Hence X is not branched and X := X|c £ M(C). Denote by C„ = 



MINIMAL SURFACES IN R 3 PROPERLY PROJECTING INTO R 2 
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t -1 ' x tnTT' 1] C C, n 6 N. Using (i) and (iii) we get that (x 3 + tan(l) | Jt x | ) o X > n - 1 - 2e on 
C„ — C„_i, for all n > 2. Therefore, (x\, x$) o X : C — > R 2 is proper. 

Consider P 6 C such that (xj o X) (P) < 0. For n large enough, P 6 C„ C D„ and (xi o 
X„)(P) < as well. Therefore (iv) gives (x 3 o X)(P) > 1 - e > and f(P) = 0. Finally, con- 
sider a divergent sequence {P n } n ef< in C. For any n € N we label £ N as the natural 
number such that P„ 6 Q( n ) — Q(„)_j and note that {fc(n)} n eN is divergent. From (i) and (iii), 
(x 3 +tan( w^_ 1 )(|x 1 | +1))(X(P„)) > fc(n) - 1 - 2e. Hence, for n large enough, 

> /(X(P„)) > minj iM^^ - ,a„ (j^) , O} > - tan (^) , 

which converges to as n goes to oo. 

The proof is done. □ 
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